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HYERS–ULAM STABILITY FOR DISCRETE TIME SCALE WITH TWO STEP
SIZES
DOUGLAS R. ANDERSON
Abstract. We clarify the Hyers–Ulam stability (HUS) of certain first-order linear constant coeffi-
cient dynamic equations on time scales, in the case of a specific time scale with two alternating step
sizes, where the exponential function changes sign.
1. Hyers–Ulam Stability on a Specific Time Scale
Definition 1.1. Let T be a time scale and λ ∈ R be a constant. We say that the eigenvalue
equation
(1.1) x∆(t) = λx(t), λ ∈ R, t ∈ T
has Hyers–Ulam stability (HUS) on T iff there exists a constant K > 0 with the following property.
For arbitrary ε > 0, if a function φ : T → R satisfies |φ∆(t)− λφ(t)| ≤ ε for all t ∈ Tκ, then there
exists a solution x : T→ R of (1.1) such that |φ(t)− x(t)| ≤ Kε for all t ∈ T. Such a constant K
is called an HUS constant for (1.1) on T.
Definition 1.2. Eigenvalue equation (1.1) is regressive iff 1 + λµ(t) 6= 0 for all t ∈ Tκ, and (1.1) is
positively regressive iff 1 + λµ(t) > 0 for all t ∈ Tκ.
One question that arises following the above definitions is, if (1.1) has HUS, what is the minimum
HUS constant? When T = R, Onitsuka and Shoji [15] show that the minimum HUS constant for
(1.1) is 1/λ if λ > 0 and 1/|λ| if λ < 0. When T = hZ, Onitsuka [14] shows that the minimum
HUS constant for (1.1) is 1/λ if λ > 0; 1/|λ| if −1/h < λ < 0; 1/(λ + 2/h) if −2/h < λ < −1/h;
and 1/|λ+ 2/h| if λ < −2/h. Note that there is no HUS for (1.1) for λ = 0 on arbitrary T, or for
λ = −2/h when T = hZ.
It is striking to see this more complicated list in the uniformly discrete case T = hZ, particularly
for negative eigenvalues λ. Due to this observation, it is surmised that finding minimum HUS
constants on arbitrary time scales for all values of λ ∈ R, particularly for all λ < 0 when (1.1) is
not positively regressive, may prove to be a prohibitive task. Indeed, on general time scales the
current situation is as follows. András and Mészáros [3, Theorem 2.5] highlight three cases when
considering HUS for (1.1), namely
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S1 |eλ(t, t0)| and
∫ t
t0
|eλ(t, σ(s))|∆s are bounded on [t0,∞)T;
S2 limt→∞ |eλ(t, t0)| =∞ and
∫∞
t
|eλ(t0, σ(s))|∆s <∞ for all t ∈ [t0,∞)T;
S3 |eλ(t, t0)| is bounded on [t0,∞)T and limt→∞
∫ t
t0
|eλ(s, t0)|∆s =∞.
In the case of S1, they prove that (1.1) has HUS with HUS constant
(1.2) K = sup |eλ(t, t0)|+ sup
∫ t
t0
|eλ(t, σ(s))|∆s,
and in the case of S2 with λ 6= 0, they prove that (1.1) has HUS with HUS constant K = 1/|λ|, but
they were not necessarily seeking to prove these HUS constants K were minimal. That paper [3]
introduced case S3 but left its impact on questions of HUS unaddressed. Recently, Anderson and
Onitsuka [2] used the methods of [3, 14, 15] to find the following: If λ 6= 0 and 1 + λµ(t) > 0 for
all t ∈ Tκ, then (1.1) has HUS with minimum HUS constant K = 1/|λ|. Also, partially addressing
the case of S3 above, they found that if there exist constants 0 < m < M such that
(1.3) 0 < m ≤ |eλ(t, t0)| ≤M, ∀ t ∈ T,
then (1.1) does not have HUS. It remains open as to what happens when 1+λµ(t) < 0, and whether
the HUS constant K given in (1.2) in the case of S1 is the minimum HUS constant. Shen [18] partly
deals with the situation when 1 + λµ(t) < 0, but only for finite intervals.
To further explore the case of S1 above and eigenvalues λ such that 1 + λµ(t) < 0, in this work
we consider a discrete time scale with alternating graininess function. In particular, for the two
step sizes α, β > 0 with α 6= β, let
T := Tα,β = {0, α, (α+ β), (α+ β) + α, 2(α+ β), 2(α+ β) + α, 3(α+ β), · · · }.
Then for t ∈ T and k ∈ N0 = {0, 1, 2, 3, 4, · · · } we have
µ(t) =

α : t = k(α + β)β : t = k(α + β) + α,
and for λ ∈ R\{−1/α,−1/β} the time scales exponential function eλ(t, 0) is given by
(1.4) eλ(t, 0) =

[(1 + λα)(1 + λβ)]
t
α+β , t = k(α + β),
[(1 + λα)(1 + λβ)]
t−α
α+β (1 + λα), t = k(α + β) + α.
By exponential function we mean the unique solution to (1.1) satisfying initial condition x(0) = 1.
Our method will be as follows. We will apply the techniques developed for T = R in [15] and
T = hZ in [14] to T = Tα,β defined above, and then compare the HUS constants thus derived with
that given by [3] in (1.2). Note that in the following theorem only case I identifies a minimum HUS
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constant. In cases G and H, however, if we let the two step sizes satisfy α = β = h, then noting
that λ < 0 the constant given in the theorem reduces to
max
{
1
β
− 1
α
− λ, 1
α
− 1
β
− λ
}
|λ|
∣∣∣λ+ 1α + 1β ∣∣∣ =
−λ
|λ| ∣∣λ+ 2
h
∣∣ = 1|λ + 2/h| ,
which is indeed the minimum constant for T = hZ from [14], as mentioned earlier.
Theorem 1.3. Consider (1.1) for λ ∈ R. If α2 + β2 − 6αβ ≥ 0, set
λ+ :=
−α− β +
√
α2 + β2 − 6αβ
2αβ
, λ− :=
−α− β −
√
α2 + β2 − 6αβ
2αβ
.
Let ε > 0 be given. Then we have the following cases.
A. Let α ≥ (3 + 2√2)β, and let −1
β
< λ < λ− or λ+ < λ < −1
α
. Then (1.1) has HUS with an
HUS constant
|λ+ 1
α
− 1
β
|
(λ−λ+)(λ−λ−) .
B. Let α > (3 + 2
√
2)β, and let λ− < λ < λ+. Then (1.1) has HUS with an HUS constant∣∣∣∣ λ+ 1α− 1β(λ−λ+)(λ−λ−)
∣∣∣∣.
C. Let β < α < (3+ 2
√
2)β, and let −1
β
< λ < −1
α
. Then (1.1) has HUS with an HUS constant∣∣∣∣ λ+ 1α− 1β2+αλ+βλ+αβλ2
αβ
∣∣∣∣.
D. Let 0 < α ≤ (3− 2√2)β, and let −1
α
< λ < λ− or λ+ < λ < −1
β
. Then (1.1) has HUS with
an HUS constant
1
α
− 1
β
−λ
(λ−λ+)(λ−λ−) .
E. Let 0 < α < (3− 2√2)β, and let λ− < λ < λ+. Then (1.1) has HUS with an HUS constant
1
α
− 1
β
−λ
|(λ−λ+)(λ−λ−)| .
F. Let (3− 2√2)β < α < β, and let −1
α
< λ < −1
β
. Then (1.1) has HUS with an HUS constant∣∣∣∣ 1α− 1β−λ2+αλ+βλ+αβλ2
αβ
∣∣∣∣.
G. Let −1
α
− 1
β
< λ < min
{
−1
α
, −1
β
}
. Then (1.1) has HUS with an HUS constant
max{ 1β− 1α−λ, 1α− 1β−λ}
|λ|(λ+ 1α+ 1β )
.
H. Let λ < −1
α
− 1
β
. Then (1.1) has HUS with an HUS constant
max{ 1β− 1α−λ, 1α− 1β−λ}
|λ||λ+ 1α+ 1β | .
I. If max
{
−1
α
, −1
β
}
< λ < 0 or λ > 0, then (1.1) has HUS with minimum HUS constant 1/|λ|.
J. If λ = 0, λ = λ+, λ = λ−, or λ = −1
α
− 1
β
, then (1.1) does not have HUS.
K. If λ = −1
α
or λ = − 1
β
, then (1.1) does not exist as a first-order dynamic equation.
Proof. We proceed through the various cases.
A. If α ≥ (3+ 2√2)β, and either −1
β
< λ < λ− or λ+ < λ < −1
α
, then −1 < (1+ λα)(1+λβ) < 0.
Let ε > 0 be given. Suppose φ : T→ R satisfies
(1.5) |φ∆(t)− λφ(t)| ≤ ε, ∀t ∈ T.
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We will show that if x solves (1.1) with
(1.6) |φ(0)− x(0)| <
ε(λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−) ,
then
(1.7) |φ(t)− x(t)| <
ε
∣∣∣λ+ 1α − 1β ∣∣∣
(λ− λ+)(λ− λ−) .
Let
(1.8) E1(t) :=


(−1) tα+β
(
λ+ 1
α
+ 1
β
)
: t = k(α + β),
(−1) t−αα+β
(
λ+ 1
α
− 1
β
)
: t = k(α + β) + α,
and define the functions u and v on T via
u(t) :=
(
φ(t) +
εE1(t)
(λ− λ+)(λ− λ−)
)
1
eλ(t, 0)
and v(t) :=
(
φ(t)− εE1(t)
(λ− λ+)(λ− λ−)
)
1
eλ(t, 0)
for t ∈ T using (1.8). Then
(1.9) φ(t) = eλ(t, 0)u(t)− εE1(t)
(λ− λ+)(λ− λ−) = eλ(t, 0)v(t) +
εE1(t)
(λ− λ+)(λ− λ−) ,
and since E1(t) and eλ(t, 0) have the same sign for all t ∈ T in this case, we have
(1.10) u(t) = v(t) +
2ε
(λ− λ+)(λ− λ−)
∣∣∣∣ E1(t)eλ(t, 0)
∣∣∣∣ ,
meaning u(t) > v(t) for all t ∈ T. Additionally, for t = k(α + β) or t = k(α + β) + α,
(1.11) u∆(t) =
((
φ∆(t)− λφ(t))+ ε(−1)k+1) 1
eσλ(t, 0)
;
(1 + λα) < 0 < (1 + λβ) in this case imply that eσλ(t, 0) and (−1)k+1 have the same sign, hence this
and (1.5) result in the inequality
(1.12) 0 ≤ u∆(t) ≤ 2ε|eσλ(t, 0)|
.
Analogously
(1.13)
−2ε
|eσλ(t, 0)|
≤ v∆(t) ≤ 0.
Thus u non-decreasing and v non-increasing, with u(t) > v(t) means that
(1.14) v(t) ≤ v(0) < u(0) ≤ u(t), ∀t ∈ T.
Assume x solves (1.1) and satisfies initial condition (1.6). Clearly x(t) = x(0)eλ(t, 0) for all t ∈ T,
and using the initial condition and (1.9) we have that
v(0) < x(0) < u(0).
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If k is odd and t = k(α+ β), then (1.4), (1.8), and (1.9) yield
φ(t)− x(t) = [u(t)− x(0)][(1 + λα)(1 + λβ)]k −
ε(−1)k
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
≤ [x(0)− u(0)] |(1 + λα)(1 + λβ)|k +
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
<
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−) ;
similarly,
φ(t)− x(t) = [v(t)− x(0)][(1 + λα)(1 + λβ)]k +
ε(−1)k
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
≥ [x(0)− v(0)] |(1 + λα)(1 + λβ)|k −
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
>
−ε
(
λ + 1
α
+ 1
β
)
(λ− λ+)(λ− λ−) .
If k is odd and t = k(α+ β) + α, then (1.4), (1.8), and (1.9) yield
φ(t)− x(t) = [u(t)− x(0)][(1 + λα)(1 + λβ)]k(1 + λα)−
ε(−1)k
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
≥ [u(0)− x(0)] |(1 + λα)(1 + λβ)|k |1 + λα|+
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
>
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−) ;
similarly,
φ(t)− x(t) = [v(t)− x(0)][(1 + λα)(1 + λβ)]k(1 + λα) +
ε(−1)k
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
≤ [v(0)− x(0)] |(1 + λα)(1 + λβ)|k |1 + λα|+
ε
∣∣∣λ+ 1α − 1β ∣∣∣
(λ− λ+)(λ− λ−)
<
ε
∣∣∣λ+ 1α − 1β ∣∣∣
(λ− λ+)(λ− λ−) .
6 ANDERSON
If k is even and t = k(α + β), then (1.4), (1.8), and (1.9) yield
φ(t)− x(t) = [u(t)− x(0)] |(1 + λα)(1 + λβ)|k −
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
≥ [u(0)− x(0)] |(1 + λα)(1 + λβ)|k −
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
>
−ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−) ;
similarly,
φ(t)− x(t) = [v(t)− x(0)] |(1 + λα)(1 + λβ)|k +
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
≤ [v(0)− x(0)] |(1 + λα)(1 + λβ)|k +
ε
(
λ+ 1
α
+ 1
β
)
(λ− λ+)(λ− λ−)
<
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−) .
If k is even and t = k(α + β) + α, then (1.4), (1.8), and (1.9) yield
φ(t)− x(t) = [−u(t) + x(0)]|(1 + λα)(1 + λβ)|k|1 + λα| −
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
≤ [x(0)− u(0)]|(1 + λα)(1 + λβ)|k|1 + λα|+
ε
∣∣∣λ+ 1α − 1β ∣∣∣
(λ− λ+)(λ− λ−)
<
ε
∣∣∣λ+ 1α − 1β ∣∣∣
(λ− λ+)(λ− λ−) ;
similarly,
φ(t)− x(t) = [−v(t) + x(0)]|(1 + λα)(1 + λβ)|k|1 + λα|+
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
≥ [x(0)− v(0)]|(1 + λα)(1 + λβ)|k|1 + λα|+
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−)
>
ε
(
λ+ 1
α
− 1
β
)
(λ− λ+)(λ− λ−) .
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All of these cases lead to the conclusion that
|φ(t)− x(t)| < ε
(λ− λ+)(λ− λ−)


(
λ+ 1
α
+ 1
β
)
: t = k(α + β),∣∣∣λ+ 1α − 1β ∣∣∣ : t = k(α + β) + α,
for all t ∈ T and all k ∈ N0. As
∣∣∣λ+ 1α − 1β ∣∣∣ > λ+ 1α − 1β in case A, (1.7) holds. ♦
B. If α > (3 + 2
√
2)β, and −1
β
< λ− < λ < λ+ < −1
α
, then (1 + λα)(1 + λβ) < −1. Assume (1.5),
(1.8), and (1.9). Then (1.10), (1.11), (1.12), and (1.13) hold, where in (1.10) we note that now in
this case
(λ− λ+) < 0 < (λ− λ−),
so that u(t) < v(t) for all t ∈ T. Moreover,
∣∣∣∣ E1(t)eλ(t, 0)
∣∣∣∣ =


λ+ 1
α
+ 1
β
|(1+λα)(1+λβ)|
t
α+β
: t = k(α + β)
|λ+ 1α− 1β |
|(1+λα)(1+λβ)|
t−α
α+β |1+λα|
: t = k(α + β) + α
with |(1 + λα)(1 + λβ)| > 1 for all t ∈ T implies that
lim
t→∞
∣∣∣∣ E1(t)eλ(t, 0)
∣∣∣∣ = 0.
Consequently in this case we have for all t ∈ T that
(1.15) u(0) ≤ u(t) ≤ lim
t→∞
u(t) = lim
t→∞
φ(t)
eλ(t, 0)
= lim
t→∞
v(t) ≤ v(t) ≤ v(0).
Consider the function
x(t) :=
(
lim
t→∞
φ(t)
eλ(t, 0)
)
eλ(t, 0), t ∈ T,
which is a well-defined solution of (1.1). This together with (1.9) and (1.15) yields
φ(t)− x(t) =
(
u(t)− lim
t→∞
u(t)
)
eλ(t, 0)− εE1(t)
(λ− λ+)(λ− λ−)(1.16)
=
(
v(t)− lim
t→∞
v(t)
)
eλ(t, 0) +
εE1(t)
(λ− λ+)(λ− λ−) .(1.17)
If k is odd and t = k(α+ β), then using (1.16) and checking signs we have
φ(t)− x(t) >
−ε
(
λ+ 1
α
+ 1
β
)
|(λ− λ+)(λ− λ−)| ,
using (1.17) and checking signs we have
φ(t)− x(t) <
ε
(
λ+ 1
α
+ 1
β
)
|(λ− λ+)(λ− λ−)| .
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If k is even and t = k(α + β), then using (1.16) and checking signs we have
φ(t)− x(t) <
ε
(
λ+ 1
α
+ 1
β
)
|(λ− λ+)(λ− λ−)| ,
using (1.17) and checking signs we have
φ(t)− x(t) >
−ε
(
λ+ 1
α
+ 1
β
)
|(λ− λ+)(λ− λ−)| .
If k is odd and t = k(α+ β) + α, then using (1.16) and checking signs we have
φ(t)− x(t) <
ε
∣∣∣λ+ 1α − 1β ∣∣∣
|(λ− λ+)(λ− λ−)| ,
using (1.17) and checking signs we have
φ(t)− x(t) >
−ε
∣∣∣λ+ 1α − 1β ∣∣∣
|(λ− λ+)(λ− λ−)| .
If k is even and t = k(α + β) + α, then using (1.16) and checking signs we have
φ(t)− x(t) >
−ε
∣∣∣λ+ 1α − 1β ∣∣∣
|(λ− λ+)(λ− λ−)| ,
using (1.17) and checking signs we have
φ(t)− x(t) <
ε
∣∣∣λ+ 1α − 1β ∣∣∣
|(λ− λ+)(λ− λ−)| .
As in case A, all of these cases lead to the conclusion that
|φ(t)− x(t)| < ε
∣∣∣∣∣
λ + 1
α
− 1
β
(λ− λ+)(λ− λ−)
∣∣∣∣∣
for all t ∈ T and all k ∈ N0. ♦
C. If β < α < (3 + 2
√
2)β, and −1
β
< λ < −1
α
, then −1 < (1 + λα)(1 + λβ) < 0. As in case A,
assume (1.5) and (1.8). Since λ+ and λ− are not real in this case, but
(λ− λ−)(λ− λ+) = 2 + αλ+ βλ+ αβλ
2
αβ
∈ R,
define the functions u and v on T via
u(t) :=

φ(t) + εE1(t)(
2+αλ+βλ+αβλ2
αβ
)

 1
eλ(t, 0)
and v(t) :=

φ(t)− εE1(t)(
2+αλ+βλ+αβλ2
αβ
)

 1
eλ(t, 0)
for t ∈ T using (1.8). Then with minor modifications (1.9), (1.10), (1.11), (1.12), and (1.13) hold
and this case C is thus akin to case A. ♦
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D. If 0 < α ≤ (3− 2√2)β, and −1
α
< λ < λ− or λ+ < λ < −1
β
, then −1 < (1 + λα)(1 + λβ) < 0.
Suppose φ : T→ R satisfies (1.5) for all t ∈ T. We will show that if x solves (1.1) with
(1.18) |φ(0)− x(0)| <
ε
(
1
α
− 1
β
− λ
)
(λ− λ+)(λ− λ−) ,
then
(1.19) |φ(t)− x(t)| <
ε
(
1
α
− 1
β
− λ
)
(λ− λ+)(λ− λ−) .
Let
(1.20) E2(t) :=


(−1) tα+β
(
1
α
− 1
β
− λ
)
: t = k(α + β),
(−1) t−αα+β
(
1
α
+ 1
β
+ λ
)
: t = k(α + β) + α,
and define the functions u and v on T via
u(t) :=
(
φ(t) +
εE2(t)
(λ− λ+)(λ− λ−)
)
1
eλ(t, 0)
and v(t) :=
(
φ(t)− εE2(t)
(λ− λ+)(λ− λ−)
)
1
eλ(t, 0)
for t ∈ T using (1.20). Then
(1.21) φ(t) = eλ(t, 0)u(t)− εE2(t)
(λ− λ+)(λ− λ−) = eλ(t, 0)v(t) +
εE2(t)
(λ− λ+)(λ− λ−) ,
and since E2(t) and eλ(t, 0) have the same sign for all t ∈ T in this case, we have
(1.22) u(t) = v(t) +
2ε
(λ− λ+)(λ− λ−)
∣∣∣∣ E2(t)eλ(t, 0)
∣∣∣∣ ,
meaning u(t) > v(t) for all t ∈ T. Additionally, for t = k(α + β) or t = k(α + β) + α,
(1.23) u∆(t) =

(φ∆(t)− λφ(t))+ ε

(−1)
k : t = k(α + β)
(−1)k+1 : t = k(α + β) + α

 1
eσλ(t, 0)
;
(1 + λβ) < 0 < (1 + λα) in this case imply that
eσλ(t, 0) and

(−1)
k : t = k(α + β)
(−1)k+1 : t = k(α + β) + α
have the same sign, hence this and (1.5) result in the inequality
(1.24) 0 ≤ u∆(t) ≤ 2ε|eσλ(t, 0)|
.
Analogously
(1.25)
−2ε
|eσλ(t, 0)|
≤ v∆(t) ≤ 0.
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Thus u non-decreasing and v non-increasing, with u(t) > v(t) means that (1.14) holds for all t ∈ T.
Assume x solves (1.1) and satisfies initial condition (1.18). Clearly x(t) = x(0)eλ(t, 0) for all t ∈ T,
and using the initial condition and (1.21) we have that
v(0) < x(0) < u(0).
We can now proceed, as in the proof of case A, on estimating φ(t) − x(t) for the various cases as
needed. This results in the conclusion that
|φ(t)− x(t)| < ε
(λ− λ+)(λ− λ−)


(
1
α
− 1
β
− λ
)
: t = k(α + β),(
1
α
+ 1
β
+ λ
)
: t = k(α + β) + α,
for all t ∈ T and all k ∈ N0. As
(
1
α
− 1
β
− λ
)
>
(
1
α
+ 1
β
+ λ
)
in case D, (1.19) holds. ♦
E. If 0 < α < (3 − 2√2)β, and −1
α
< λ− < λ < λ+ < −1
β
, then (1 + λα)(1 + λβ) < −1. Assume
φ : T → R satisfies (1.5). As in the proof of case D using (1.20), we write φ as in (1.21) for the
same functions u, v, and (1.22) holds. Since (λ− λ+) < 0 < (λ− λ−) and |(1 + λα)(1 + λβ)| > 1,
we see that u(t) ≤ v(t) with u non-decreasing and v non-increasing, and
lim
t→∞
∣∣∣∣ E2(t)eλ(t, 0)
∣∣∣∣ = 0.
Therefore (1.15) holds, and we can proceed as in the proof of case B, which yields
|φ(t)− x(t)| <
ε
(
1
α
− 1
β
− λ
)
|(λ− λ+)(λ− λ−)|
for all t ∈ T. ♦
F. If (3 − 2√2)β < α < β and −1
α
< λ < −1
β
, then −1 < (1 + λα)(1 + λβ) < 0. The proof is
similar to the proof of case D and is omitted. ♦
G. If −1
α
− 1
β
< λ < min
{
−1
α
, −1
β
}
, then 0 < (1 + λα)(1 + λβ) < 1. Assume φ : T → R satisfies
(1.5). Let
(1.26) E3(t) :=


(
1
α
− 1
β
− λ
)
: t = k(α + β),(
1
α
− 1
β
+ λ
)
: t = k(α + β) + α,
and let u, v : T→ R be given in terms of φ and E3 via
(1.27) φ(t) = eλ(t, 0)u(t) +
εE3(t)
λ(λ+ 1
α
+ 1
β
)
= eλ(t, 0)v(t)− εE3(t)
λ(λ+ 1
α
+ 1
β
)
.
Since E3(t) and eλ(t, 0) have the same sign for all t ∈ T in this case G, we have
(1.28) u(t) = v(t) +
2ε
|λ|(λ+ 1
α
+ 1
β
)
∣∣∣∣ E3(t)eλ(t, 0)
∣∣∣∣ ,
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meaning u(t) > v(t) for all t ∈ T. Additionally, for t = k(α + β) or t = k(α + β) + α,
(1.29) u∆(t) =

(φ∆(t)− λφ(t))+ ε

−1 : t = k(α + β)1 : t = k(α + β) + α

 1
eσλ(t, 0)
;
as eσλ(t, 0) and

−1 : t = k(α + β)1 : t = k(α + β) + α have the same sign, hence this and (1.5) result in the
inequality (1.12), and (1.14) holds again. Suppose x solves (1.1) with
|φ(0)− x(0)| <
ε( 1
α
− 1
β
− λ)
|λ|
(
λ+ 1
α
+ 1
β
) .
Then x(t) = x(0)eλ(t, 0), v(0) < x(0) < u(0), and using (1.27) and the various cases we see that
(1.30) |φ(t)− x(t)| < ε
|λ|
(
λ+ 1
α
+ 1
β
)


(
1
β
− 1
α
− λ
)
: β < α,(
1
α
− 1
β
− λ
)
: α < β,
for all t ∈ T. ♦
H. If λ < −1
α
− 1
β
, then (1 + λα)(1 + λβ) > 1. As in the proof of case G, consider E3 in (1.26)
and φ in (1.27). Unlike (1.28), however, we have in this case that
(1.31) u(t) = v(t)− 2ε
|λ|
∣∣∣λ+ 1α + 1β ∣∣∣
∣∣∣∣ E3(t)eλ(t, 0)
∣∣∣∣ ,
meaning u(t) < v(t) for all t ∈ T, with u non-decreasing and v non-increasing. As |E3(t)/eλ(t, 0)| →
0 as t→∞, we see that (1.15) holds. Proceeding in a way similar to the proofs of cases B and G,
we see that (1.30) holds for all t ∈ T. ♦
I. This case is proven in [2, Theorem 3.7]. ♦
J. Let eλ(t, 0) be given as in (1.4). If λ = 0, then e0(t, 0) ≡ 1. If λ = λ+, then
eλ+(t, 0) =

(−1)
t
α+β , t = k(α + β),
(−1) t−αα+β (1 + λ+α), t = k(α + β) + α,
and if λ = λ−, then
eλ−(t, 0) =

(−1)
t
α+β , t = k(α + β),
(−1) t−αα+β (1 + λ−α), t = k(α + β) + α.
Finally, if λ = −1
α
− 1
β
, then
e(−1α − 1β )
(t, 0) =

1, t = k(α+ β),−α
β
, t = k(α+ β) + α.
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Thus in each of these cases, (1.3) holds with appropriately chosen bounds, and so by [2, Theorem
3.10 (ii)], equation (1.1) does not have HUS. ♦
K. If λ = −1
α
or λ = − 1
β
, then 1 + λµ(t) = 0, so that (1.1) is not regressive. 
2. Comparison of Hyers–Ulam Constants
In this section we will compare some of the HUS constants found in Theorem 1.3 with the constant
(1.2) from [3]. First, let us calculate K given in (1.2) using the expression for the exponential
function in (1.4). In particular, we calculate the following using rules from [4, Section 1.4]. If
t = k(α + β), then∫ t
0
|eλ(t, σ(s))|∆s =
∫ t
0
|(1 + λα)(1 + λβ)| t−σ(s)α+β ∆s
=
(∫ α
0
+
∫ (α+β)
α
+ · · ·+
∫ k(α+β)
(k−1)(α+β)+α
)
|(1 + λα)(1 + λβ)| t−σ(s)α+β ∆s
= α|(1 + λα)(1 + λβ)| t−αα+β + β|(1 + λα)(1 + λβ)| t−(α+β)α+β
+α|(1 + λα)(1 + λβ)| t−(α+β)−αα+β + · · ·+ β|(1 + λα)(1 + λβ)| t−k(α+β)α+β
= α|(1 + λα)(1 + λβ)| t−αα+β
k−1∑
j=0
|(1 + λα)(1 + λβ)|−j
+β|(1 + λα)(1 + λβ)| t−(α+β)α+β
k−1∑
j=0
|(1 + λα)(1 + λβ)|−j
=
|(1 + λα)(1 + λβ)|k − 1
|(1 + λα)(1 + λβ)| − 1
(
α|(1 + λα)(1 + λβ)| βα+β + β
)
.
If t = k(α + β) + α, then∫ t
0
|eλ(t, σ(s))|∆s =
(∫ α
0
+
∫ (α+β)
α
+ · · ·+
∫ k(α+β)+α
k(α+β)
)
|(1 + λα)(1 + λβ)| t−σ(s)α+β ∆s
= α|(1 + λα)(1 + λβ)| t−αα+β + β|(1 + λα)(1 + λβ)| t−(α+β)α+β
+ · · ·+ α|(1 + λα)(1 + λβ)| t−k(α+β)−αα+β
= α|(1 + λα)(1 + λβ)| t−αα+β
k∑
j=0
|(1 + λα)(1 + λβ)|−j
+β|(1 + λα)(1 + λβ)| t−(α+β)α+β
k−1∑
j=0
|(1 + λα)(1 + λβ)|−j
=
β|(1 + λα)(1 + λβ)| αα+β (|(1 + λα)(1 + λβ)|k − 1) + α(|(1 + λα)(1 + λβ)|k+1 − 1)
|(1 + λα)(1 + λβ)| − 1 .
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Suppose 0 < |(1 + λα)(1 + λβ)| < 1. Then
lim
k→∞
|(1 + λα)(1 + λβ)|k = 0,
and we can summarize the above as
lim
t→∞
∫ t
0
|eλ(t, σ(s))|∆s =


β+α|(1+λα)(1+λβ)|
β
α+β
1−|(1+λα)(1+λβ)| : t = k(α + β),
α+β|(1+λα)(1+λβ)|
α
α+β
1−|(1+λα)(1+λβ)| : t = k(α + β) + α.
In light of this fact, for comparison’s sake the HUS constant K in (1.2) is
(2.1) K =


sup |(1 + λα)(1 + λβ)| tα+β + β+α|(1+λα)(1+λβ)|
β
α+β
1−|(1+λα)(1+λβ)| : t = k(α + β),
sup |(1 + λα)(1 + λβ)| t−αα+β |1 + λα|+ α+β|(1+λα)(1+λβ)|
α
α+β
1−|(1+λα)(1+λβ)| : t = k(α + β) + α.
Example 2.1. We will compare the HUS constant from Theorem 1.3 case A, with the HUS constant
K in (2.1). Let α = 6, β = 1, and λ = −1/5. Then λ+ = −1/2 and λ− = −2/3, and
−1
2
<
−1
5
<
−1
6
=⇒ λ+ < λ < −1
α
.
Then the HUS constant from case A in Theorem 1.3 is
|λ+ 1
α
− 1
β
|
(λ− λ+)(λ− λ−) =
155
21
≈ 7.38,
while K in (2.1) is
K =


1 + 1 + 25
21
(
1 + 6
(
2
5
)2/7) ≈ 7.688 : t = k(α + β),
1/5 + 1 + 25
21
(
6 +
(
2
5
)12/7) ≈ 7.59 : t = k(α + β) + α,
so the HUS constant in Theorem 1.1 A is better. However, if λ = −4/5, then
−1
β
< λ < λ−
in case A, and we have
40.8333 versus K =

29.205532.0933,
so that K in (2.1) from [3] is better.
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Example 2.2. We will compare the HUS constant from Theorem 1.3 case C, with the HUS constant
K in (2.1). Let α = 3, β = 1, and λ = −1/2. Then
−1 < −1
2
<
−1
3
=⇒ −1
β
< λ <
−1
α
,
and the HUS constant from Theorem 1.3 C is
14
3
≈ 4.66,
while K in (2.1) is
K =


1 + 4
3
(
1 + 3√
2
)
≈ 5.16 : t = k(α + β),
1
2
+ 4
3
(
3 + 1
2
√
2
)
≈ 4.97 : t = k(α + β) + α,
so the HUS constant in Theorem 1.1 C is better. However, if λ = −4/5, then we have
6.111 versus K =

5.426.101.
Example 2.3. We will compare the HUS constant from Theorem 1.3 D, with the HUS constant
K in (2.1). Let α = 1/10, β = 1, and λ = −1.2. Then we have
1.238 versus K =

2.2382.037,
so the HUS constant in D is smaller. However, if λ = −9.2, then we have
5.29 versus K =

4.103.168.
Example 2.4. We will compare the HUS constant from Theorem 1.3 G, with the HUS constant
K in (2.1). Let α = 1, β = 1/2, and λ = −2.5. Then we have
2.8 versus K =

2.953.52,
but if λ = −2.9, then it is
13.45 versus K =

10.9911.9.
As we can observe following these examples, it remains an open question as to how to find
the minimum HUS constant, given that (1.1) is HUS and 1 + λµ(t) < 0, even for this relatively
straightforward time scale, much less for arbitrary time scales.
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